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Abstract. Kernel based methods, such as nonlinear support vector machines, have a high classification accuracy in many applications. But
classification using these methods can be slow if the kernel function is
complex and if it has to be evaluated many times. Existing solutions to
this problem try to find a representation of the decision surface in terms
of only a few basis vectors, so that only a small number of kernel evaluations is needed. However, in all of these methods the set of basis vectors
used is independent of the example to be classified. In this paper we propose to adaptively select a small number of basis vectors given an unseen
example. The set of basis vectors is thus not fixed, but it depends on the
input to the classifier. Our approach is to first learn a non-sparse kernel
machine using some existing techique, and then using training data to
find a function that maps unseen examples to subsets of the basis vectors
used by theis kernel machine. We propose to represent this function as a
binary tree, called a support vector tree, and devise a greedy algorithm
for finding good trees. In the experiments we observe that the proposed
approach outperforms existing techniques in a number of cases.

1

Introduction

Classification is a fundamental problem in machine learning. Typical research
on classification methods concentrates on improving either the scalability of
the learning algorithm, or accuracy of the resulting classifier, or both. These
properties are important problems in most, if not all applications. However, in
some cases the running time of the classifier itself can be of importance. Speech
recognition and packet classification in IP networks are classical examples of applications where it is crucial that classification can be carried out in “real time”.
Another example are information retrieval systems that use machine learning algorithms to classify documents to relevant and non-relevant ones. If the classifier
is applied to every document that match a given query, a single evaluation of the
classifier has to be very fast, as there can be tens of thousands of such documents.
In such cases it is thus necessary to resort to relatively simple classifiers.
However, we might obtain a better classification accuracy with kernel or
ensemble based methods that are computationally slower. In this paper we study
the problem of speeding up classification using kernel machines. We use the
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nonlinear support vector machine (SVM) [23] as an example, but our approach
is applicable to any classifier that uses a similar decision rule. In particular, we
can consider any algorithm where the decision is based on the following sum:
 X

class(x) = sign
aj g(sj , x) + θ .
(1)
(sj ,aj )∈S

The set S together with the function g represent the classifier. Evaluating this
sum can be slow if the set S is large, and if the function g is computationally
complex. One solution is to explicitly restrict the size of S when learning the
classifier. This is a common approach, as it can also result in faster learning
algorithms. The idea we propose in this paper is rather different. Instead of
computing the sum in Equation 1 over the entire set S, we compute it over the
set f (x) ⊂ S that depends on the example x we are classifying.
We consider the following approach: First we find the set S representing a
kernel based classifier, such as an SVM. This can be done using any standard
algorithm. Given S we learn a function f that maps any given example x to
a subset f (x) ⊂ S. This function can be learned either with the same training
data that were used to find the set S, or using a different set of examples. When
classifying x, we compute the sum in Equation 1 only over the basis vectors
in f (x). To represent the function f , we propose a binary tree that induces a
disjoint partition of the feature space. Examples belonging to the same region
are mapped to the same subset of S. We call this tree the support vector tree.
The rest of this paper is structured as follows: This section concludes with
a discussion of related work and the detailed contributions of this article. In
Section 2 we give a general definition of the problem, while the support vector
trees are described in Section 3. Finding an optimal tree is likely to be hard,
and in Section 4 we propose a greedy heuristic with polynomial running time
that finds good trees in practice. In the experiments (Section 5) we compare our
method with recent related work, and Section 6 is a short conclusion.
1.1

Related Work

Kernel machines and in particular SVMs [23] have been studied considerably
for the past fifteen years. A complete review of this work is obviously beyond
the scope of this paper. However, we try to mention most articles that are relevant considering the main objective of this paper: speeding up classification with
SVMs. Also, for the basics of SVM learning we recommend the excellent tutorial
by Burges [4], as we do not discuss these here.
Finding sparse SVMs is an old and well studied problem. For interesting
initial work on the topic we refer the reader to [5, 3]. Burges and Schölkopf [5]
devise a post-processing algorithm for finding a reduced set of basis vector given
the S of support vectors. Most of the approaches that followed differ from [5] and
our paper by formulating a version of the SVM learning problem that attempts to
directly find a sparse solution. Examples of older work on this kind of techniques
include [20], [11], [22], and [19]. More recently, in [24] Wu et. al. discuss another

direct method for building sparse kernel machines. They report experimental
results where the accuracy of the full SVM is in some cases achieved using only
a very small fraction (5%) of the original support vectors. Unlike other related
work [8] proposes an ensemble-like method.
A recent paper that studies the problem of sparse SVM learning is [16]. While
the main motivation for [16] seems to be making SVM training more scalable,
the proposed algorithm also has the property of giving solutions that can have a
considerably smaller number of support vectors without a significant decrease in
accuracy. In the experiments of [16] it is shown that the number of basis vectors
can be reduced by two orders of magnitude without affecting the accuracy of
the resulting classifier. This is similar to the results in [24]. Another interesting
property of [16] is that the set S may contain vectors outside the training data.
We compare our method against the algorithm proposed in [16].
Most of the methods for sparse SVM learning let the learning algorithm
automatically determine the number of support vectors. However, in some applications it is useful to be able to set the desired number of support vectors in
advance. An algorithm that admits this is proposed in [10]. Also the method we
describe here allows the “budget” to be specified in advance, as do the methods
of [24] and [16].
1.2

Contributions of this paper

– We propose a method to speed up classification using kernel machines by
using only a subset of support vectors. This subset is a function of the
example to be classified.
– We propose a method called the support vector tree to efficiently select the
support vectors given an unseen example. The method resembles a decision
tree but differs on a number of important aspects.
– We propose a greedy algorithm for learning a support vector tree given
training data. An analysis based on the Master theorem [9] shows that the
running time of this algorithm is at least of order O(n3 ) where n is the size
of the training data.
– We describe experiments where the support vector tree is compared with a
classical nonlinear SVM and a state-of-the art algorithm for learning sparse
SVMs on a number of benchmark data sets.

2

Problem definition

We continue with some formal definitions. Let Ω be a universe of objects. Usually
we let Ω = Rn , but the proposed method is to a large extent oblivious to the
type of input examples. Let S ⊂ Ω × R be a set of objects from Ω together
with a weight associated with each object. That is, we have S = {(sj , aj )}m
i=1 .
Moreover, denote by g : Ω × Ω → R a function mapping pairs of objects from
Ω to the set of reals. We can think that the set S represents for example a
nonlinear SVM. The function g is the kernel function, and the (sj , aj ) pairs are

the support vectors and their weights. We consider classifiers where an example
x ∈ Ω is assigned to the class +1 or −1 depending on the sign of the sum in
Equation 1.
Using this sum to classify a new example x requires m evaluations of the
function g. This may be a problem in some applications if the set S is large
and computing g is slow. This can happen if g is e.g. a string kernel [18, 21].
As a remedy, most previous approaches to speed up classification with kernel
machines look for sparse solutions to the learning problem. Roughly put, the
idea is to find a set S 0 , so that |S 0 |  |S|, and
X
X
bj g(s0j , x) ≈
aj g(sj , x).
(s0j ,bj )∈S 0

(sj ,aj )∈S

A common property of the previous approaches is thus that all input instances
are classified using the same set S 0 . However, it is easy to imagine that if S 0 is
selected separately for each unseen example x, we may obtain a better approximation, and possibly need a smaller number of evaluations of the function g.
More precisely, instead of computing the sum over a fixed set S 0 when classifying
x, we compute it over a set S 0 that depends on the input x. We express this idea
more formally in the rest of this section.
Let S and g be as defined above, and let D ⊂ Ω be a set of input examples.
The examples in D can be labeled or unlabeled. Furthermore, let Φ be a family
of functions that map objects from the set Ω to subsets of the set S. The general
formulation of our problem is as follows:
Problem 1. Given the data D = {x1 , . . . , xn }, the set S = {(s1 , a1 ), . . . , (sm , am )},
the function g, and the family of functions Φ, find the function f ∈ Φ that minimizes the cost
2
X 
X
X
aj g(sj , xi ) −
aj g(sj , xi ) .
(2)
xi ∈D

(sj ,aj )∈f (xi )

|

(sj ,aj )∈S

{z

c(xi )

}

Note that we are approximating the sum instead of only its’ sign. There are
two reasons for this. First, we expect this to better retain the generalization
ability of the resulting classifier. Second, in some applications we are not only
interested in the sign, but also the exact value of the sum. This is the case for
instance if the kernel machine is to be used for ranking [13].
Clearly Problem 1 is under-constrained in the sense that if the family Φ is
not chosen carefully, we may end up with a trivial solution that simply maps
every x ∈ Ω to the set S. This is not meaningful considering that we want to
reduce the number of evaluations of the function g. Therefore, the problem is
interesting only if we restrict the kinds of functions Φ may contain.
From a practical standpoint we are interested in functions f such that |f (x)| ≤
k for all x for some fixed k. To solve Problem 1, we can consider each xi ∈ D
separately, and for each find a subset S 0 of S, |S 0 | ≤ k, that minimizes c(xi ).

This can be seen as a variant of the NP-complete subset-sum problem, where
the question is to find a subset of a given set A of numbers that sum up to a
given P
number B [12]. In our case we have A = {aj g(sj ) | (aj , xj ) ∈ S} and
B =
a∈A a. (subset-sum is usually defined for integers. We can scale and
subsequently round the values in XD,S so that the input is integer valued.)
Finding an optimal f (xi ) is thus unlikely to be easy. And even if we could find
the optimal subset for each instance in the training data, we still need to be
able to use the function f with unseen examples. One solution would be to store
all of D together with the f (xi )s, and for an example x 6∈ D let f (x) = f (x∗ )
where x∗ = arg minxi ∈D dist(xi , x). This means, however, that we have to solve
a nearest neighbor query when evaluating f (x).
The proposed method can be of practical interest only if computing f (x) is
considerably faster than evaluating the function g a number of times. Therefore,
we must restrict ourselves to functions that can be computed very efficiently.
The family of functions we consider in this paper is discussed next.

3

Tree based partitioning of the input space

In this paper we consider functions f that can be represented as binary trees.
These trees partition the feature space to disjoint subsets, and provide an efficient
means to locate an unseen example x in the subset it belongs to. Each subset of
the feature space uses a different set of support vectors. The concept is somewhat
similar to the decision tree classifier, but it’s implementation and use are quite
different.
3.1

Basic definitions

Let T be a binary tree, and denote by N a node of T . With every node N is
associated a pair (a, s) ∈ S. The node score of N given by aN g(x, sN ), where
aN ∈ R and sN ∈ Ω are the values associated with N , and g is e.g. a kernel
function. The set f (x) is found by following a path from the root of T to a leaf
node. Based on the value of the node score at a node N we enter either the
left or right subtree of N until a leaf node is reached. When this happens, we
sum the node scores on the path from the root to the leaf, and use this as an
approximation of the sum in Equation 1. There are some aspects to this that
should be emphasized:
1. Unlike with decision and regression trees, branching is not based on the value
of a feature, but on the node score aN g(x, sN ). This means the partition of
the feature space induced by the tree is not in general the disjoint union of
axis-aligned (hyper)rectangles.
2. The value computed by the tree is the sum of the node scores on the path
from the root to a leaf node. This is in contrast to regression trees where the
output is simply a value stored at each leaf. A consequence of this is that
two examples, x1 , x2 ∈ Ω, that both follow the same path and hence end up
at the same leaf, may still produce considerably different output values.

We continue with the definition of the support vector tree T .
Definition 1. A support vector tree T is the tuple (N , R, l, r), where N is a set
of nodes, R ∈ N is the root node of the tree, and l and r are functions mapping
the set N onto {N ∪ ∅}. Given a node N ∈ N , l(N ) and r(N ) are the root
nodes of the left and right subtrees of N , respectively. To each node N ∈ N is
associated three values: tN ∈ R, aN ∈ R, and sN ∈ Ω.
Using T we find the set f (x) by collecting all (s, a) pairs that are associated with
nodes on a path from the root of T to a leaf node. At every node N the path
goes either in the left or right subtree depending on the value aN g(x, sN ). If
this value is less or equal to the node-specific threshold tN the path continues to
the left subtree, otherwise it continues to the right subtree. Note that instead of
computing the set f (x), it is more convenient to evaluate the sum in Equation 2
directly over the tree T . We define the following:
Definition 2. Let g : Ω × Ω → R be a function, denote by T = (N , R, l, r) a
support vector tree as defined above, and let x ∈ Ω. Denote by scoreN (x) the
node score of x at node N ∈ N . We let scoreN (x) = aN g(x, sN ). Denote by
valueN (x) the value of x in the subtree of T rooted at node N ∈ N . We let

valueN (x) =




0
if N = ∅,
scoreN (x) + valuel(N ) (x) if scoreN (x) ≤ tN ,

scoreN (x) + valuer(N ) (x) if scoreN (x) > tN .

Finally, denote by T (x) the value of x in the entire tree T . We let T (x) =
valueR (x), where R is the root node of T .
Definition 1 does not restrict the size of T in any way. To reduce the number of
evaluations of the function g, we must constrain the height of the tree. Denote
by ΦhT the set of trees where the length of the longest path from the root to a
leaf is at most h. The general problem we discuss in the remaining of this paper
is the following.
Problem 2. Given the training data D ⊂ Ω, the set S ⊂ Ω × R, and the function
g, find the tree T ∈ ΦhT s.t.,
X
x∈D

T (x) −

X

2
aj g(sj , x)

(3)

(sj ,aj )∈S

is minimized.
Note that if D = {x}, i.e., D contains only one example x, the solution to
Problem 2 is a path. Clearly no branching is needed for a single input instance. As
discussed above, this problem is related to subset-sum, and hence it is unlikely
that efficient solutions exist for Problem 2. In this paper we consider a greedy
heuristic that leads to well performing trees in practice.

3.2

A simple exact algorithm for balanced trees

Before presenting the main algorithm of this paper, we briefly describe and
analyze the trivial algorithm for solving Problem 2 exactly in the special case
where the set ΦhT is further restricted to contain only balanced trees, meaning
that the number of training examples belonging to the left subtree of a node
is the same as the number belonging to the right subtree. For the remaining
discussion it is convenient to consider the following matrix:
Definition 3. Given the data D = {x1 , . . . , xn }, the set S = {(s1 , a1 ), . . . , (sm , am )},
and the function g, denote by XD,S the n × m matrix with
= aj g(xi , sj ).
XD,S
ij
D,S
The ith row of XD,S is denoted by XD,S
is denoted
i· , and the jth column of X
D,S
by X·j . Moreover, given the sets I and J of integers, denote by XD,S
I,J the
sub-matrix of XD,S containing the rows specified by I and columns specified by
J.

Let rD,S be the vector of row sums of XD,S , and denote by rD,S
the ith comi
P D,S
ponent of rD,S . That is, we have rD,S
=
X
.
In
the
following
we write
i
ij
j
simply X and r if D and S are clear from the context or otherwise irrelevant.
Clearly for the ith item in D the second sum in Equation 3 is precisely ri .
Expressed in terms of the matrix X, the learning task of Problem 2 is to
approximate the vector r with appropriate subsets of the columns. It is useful
to think that to every node N of T is associated the matrix XI,· , where I is
a subset of the row indices of X. To learn T we must find an optimal split for
the rows of XI,· at each node N . Since the jth column of XD,S corresponds to
the pair (aj , sj ) ∈ S, we can parameterize this optimization problem with two
parameters per node N : the threshold tN and column jN . These define a split
of XI,· at node N .
Define the sets LI (tN , jN ) and RI (tN , jN ) so that LI (tN , jN ) = {i ∈ I | XijN ≤
tN } and RI (tN , jN ) = {i ∈ I | XijN > tN }. Moreover, let P (N ) denote the set
of nodes on the path from the root of a tree to the parent of node N . Using this,
we let
X
σ(N )i =
XijN 0 .
N 0 ∈P (N )

That is, σ(N )i is the value we use to approximate the ith row sum at the parent
node of N . The cost of an optimal tree rooted at node N that is associated with
the matrix XI,· is given by the following equation:

n

o
 mint,j c l(N ), LI (t, j) + c r(N ), RI (t, j) if XI· should be spilt,
nP
c(N, I) =
2 o

minj
otherwise.
i∈I σ(N )i + Xij − ri
(4)
The cost of the tree T is c(R, {1, . . . , n}), where R is the root of T and n the
number of rows in X. A node N should not be split if |P (N )| + 1 = h, but also

in the case where the cost of splitting is larger than not splitting. The latter
condition implies, that even after we have split the node N we should check if a
solution where N is unsplit has a lower cost.
The optimal tree for a given matrix X is thus found by considering all possible
splits (defined by t and j), and finding the optimal trees for the sub-matrices
XLI (t,j) and XRI (t,j) . If we require that the tree is balanced at node N , we only
have to optimize over j, because t is implicitly given by the requirement that
|LI (t, j)| = |RI (t, j)|. A rough outline for an exact algorithm for solving this
restricted variant of the problem is shown in Algorithm 1.
Algorithm 1 exact-balanced-tree
Input: set of integers I
1: if I should not be split then
2:
return “cost of I”
3: end if
4: for j = 1 to number of columns in X do
5:
t ← median of column XI,j
6:
cj ← exact-balanced-tree( LI (t, j) ) + exact-balanced-tree( RI (t, j) )
7: end for
8: return min{c}

Assuming that |I| = n, and that X has m columns, we can express the
running time of Algorithm 1 with the recurrence
n
T (n) ≤ 2mT ( ) + cmn.
(5)
2
This holds since we make 2m recursive calls to exact-balanced-tree with inputs
of size n/2, and we must find the median (an O(n) operation) m times. Using
the Master method [9] it is easy to show that the running time of Algorithm 1
(in terms of n) is of order O(nlog n ). This makes exact-tree a quasi-polynomial
time algorithm. It is slower than polynomial, but not exponential. Also note that
the exact solution with unbalanced trees is even harder, because we also have
to optimize over t. Of course this simple analysis does not rule out the existence
of efficient solutions for Equation 4, but it suggests that they are not trivial to
devise. Therefore, our aim in this paper is not to find trees that are optimal in
terms of Equation 4, but instead we propose a heuristic for finding good trees
using a greedy algorithm.

4

An inexact greedy algorithm

In this section we present a greedy algorithm for learning a tree T given the
matrix XD,S . The algorithm contains parts of which it is not straightforward
to analyze the running time, but we will argue in Section 4.2 that if the splits
made by the algorithm are not very imbalanced (that is, the sizes of LI (t, j) and
RI (t, j) are not very different), it’s running time is of order O(n3 ).

Algorithm 2 build-sv-tree
Input: matrix X, vector r, column index j
Output: the triple (N, Tl , Tr )
1: if stopping-condition-met(X, r) then
2:
return ((j, −1), ∅, ∅)
3: end if
4: (t, jl , jr ) ← find-optimal-split( X, r, j)
5: L ← {i : Xij ≤ t}
6: R ← {i : Xij > t}
7: Tl ← build-sv-tree( XL· , (rL − XLjl ), jl )
8: Tr ← build-sv-tree( XR· , (rR − XLjr ), jr )
9: return ((j, t), Tl , Tr )

4.1

Algorithm description

On a high level the greedy algorithm is similar to the exact one discussed above.
Each call to the algorithm finds a split of X that is in some sense optimal,
and then recursively processes the two resulting sub-matrices. However, now we
consider a somewhat different notion of optimality of a split induced by t and
j. With the exact algorithm an optimal split is defined in terms of the optimal
costs of the resulting sub-matrices, as can be seen in Equation 4. In particular,
Alg. 1 computes the optimal subtrees rooted at a node N to evaluate the cost
of splitting X along the jth column. The greedy algorithm takes a “myopic”
approach. It only considers subtrees of size 1, meaning that they consist of only
one leaf node each. In other words, we compute the cost of a split at node N
under the restriction that l(N ) and r(N ) will not be split further, even if these
actually are split later.
For any vector x, we have ||x|| = xT x. Let LI (t, j) and RI (t, j) be defined
as above, and suppose for a moment that we are given the column j. We define
the cost of a “greedy split” as
c(t, jl , jr ) = ||XLI (t,j),jl − rLI (t,j) || + ||XRI (t,j),jr − rRI (t,j) ||,

(6)

where jl and jr are the columns that are associated with the left and right leafs,
respectively. This is almost the same as Equation 5 if we assume that the child
nodes of the current node are not split further. Another difference is that we
are only optimizing over t, this time the parameter j was assumed to be given
a priori. This may seem strange at first, but it is in fact quite natural: When
splitting a node N using the cost in Equation 6, we must find the parameters
jl and jr . These are used as the splitting-column when processing l(N ) and
r(N ). The parameter jN is thus already found when splitting the parent node
of N . Pseudo-code of the greedy heuristic incorporating this principle is shown
in Algorithm 2.
To find the optimal split, we must thus find the threshold t, and the column
indices jl and jr . In theory there are O(nm2 ) different combinations for an input
matrix X of size n × m. Iterating over all of these is obviously not scalable.

Algorithm 3 find-optimal-split
Input: matrix X, vector r, column index j
Output: the triple (t, jl , jr )
1: t ← random element of X·j
2: c ← ∞
3: while cost c is decreasing do
4:
(jl , jr , c) ← optimize-columns( X, r, j, t )
5:
(t, c) ← optimize-threshold( X, r, j, jl , jr )
6: end while
7: return (t, jl , jr )

Algorithm 4 optimize-columns
Input: matrix X, vector r, column index j, threshold t
Output: triple (jl , jr , c)
1: L ← {i : Xij ≤ t}
2: R ← {i : Xij > t}
3: jl ← argminj 0 ||XLj 0 − rL ||2
4: jr ← argminj 0 ||XRj 0 − rR ||2
5: c ← ||XLjl − rL || + ||XRjr − rR ||
6: return (jl , jr , c)

However, we can resort to a local optimization technique, that resembles the
EM-algorithm and is of considerably lower, albeit unknown, complexity. Note
that finding jl and jr is easy if we are given the value of t. In that case we
simply have to try out the O(m) different alternatives. Likewise, given jl and jr
it is easy to find an optimal value for t by checking all n possible choices. We
can thus alternatively solve for jl and jr given t, then solve for t given jl and
jr , and continue this until convergence. The method is outlined in Algorithm 3.
Algorithms 4 and 5 show the pseudo-code for the two subroutines in find-optimalsplit.
4.2

Analysis of the greedy algorithm

To analyze the complexity of build-sv-tree, we resort again to the Master theorem [9]. This time the recurrence is
n
T (n) ≤ 2T ( ) + ch(n, m)(m + 1)n,
{z
}
|
b
q(n)

where h(n, m) is a function that bounds the number of iterations of the loop on
lines 3–5 in Algorithm 3. The optimize-columns algorithm (Alg. 4) runs in time
O(nm), while optimize-threshold (Alg. 5) can be implemented to run in time
O(n). Since we are not enforcing the split to be balanced, we use the parameter
b in the analysis. Also, we assume that m = n, which corresponds to the case
where all training examples end up as support vectors and the same data is

Algorithm 5 optimize-threshold
Input: matrix X, vector r, column indices j, jl , jr
Output: pair (t∗ , c∗ )
1: t∗ ← −1, c∗ ← ∞
2: for h = 1 to number of rows in X do
3:
t ← Xhj
4:
L ← {i : Xij ≤ t}
5:
R ← {i : Xij > t}
6:
c ← ||XLjl − rL || + ||XRjr − rR ||
7:
if c < c∗ then
8:
c∗ ← c, t∗ ← t
9:
end if
10: end for
11: return (t∗ , c∗ )

used to find T . This way q(n) is of order n2+γ , where γ is dependant on the
complexity of the function h. That is, if h was of order O(n) we would have
γ = 1, for example.
To use the Master theorem we must compare q(n) with the function nlogb 2+ .
There are three cases based on the value of  that result in different running times
for the algorithm. More precisely, we study for what values of b, γ, and  it holds
that n2+γ = nlogb 2+ . Solving this for  gives
=

(2 + γ) log2 b − 1
.
log2 b

(7)

Now we consider three possible cases for , that is,  < 0,  = 0, and  > 0. By
setting Equation 7 equal to zero and simplifying we obtain log2 b = (2 + γ)−1 ,
1
or b = 2 (2+γ) . This gives us a relationship between b and γ that we can use to
distinguish the different cases of the Master theorem:
1

– Case 1:  < 0 ⇔ b < 2 (2+γ) , which implies T (n) = Θ(nlogb 2 ).
1
– Case 2:  = 0 ⇔ b = 2 (2+γ) , which implies T (n) = Θ(nlogb 2 log2 n).
1
– Case 3:  > 0 ⇔ b > 2 (2+γ) , which implies T (n) = Θ(q(n)) if the regularity
condition holds as well.
There is thus a threshold for b, the value of which will depend on γ. Of course
the actual value of b will vary, as different inputs lead to different splits. Some
of these will be more balanced (b close to 2) than others (b close to 1). The
value of γ depends on the convergence of the optimization in Algorithm 3. We
do not know the exact rate of convergence in terms of n and m. However, based
on empirical observations it is realistic to assume that for most inputs we have
0 < γ ≤ 1. I.e., h(n, m) is at most linear in n, but possibly sublinear.
Letting γ = 1 gives us the threshold 21/3 ≈ 1.26. This corresponds to an
unbalanced split where roughly 80 percent of the input end up in the same
subtree. Case 1 of the Master theorem concerns the case where the split is

even more unbalanced, while Case 3 covers more balanced splits. To analyze
the deviation of b from the threshold 21/3 , we introduce a parameter β and let
b = 21/3+β , so that β < 0, β = 0, and β > 0 correspond to the cases 1, 2, and
3, respectively. Note that for the degree of the polynomial in cases 1 and 2 we
obtain logb 2 = ( 31 + β)−1 .
In Case 2 (β = 0) the running time of Alg. 2 is therefore simply Θ(n3 log2 n).
1
For Case 1 (β < 0) we obtain a running time of Θ(n (1/3+β) ), which is already
1
Θ(n6 ) if we let β = − 6 . This makes sense as very unbalanced splits are bound to
slow down the algorithm considerably. And even with balanced splits represented
by Case 3 (β > 0), the running time is bounded by Θ(q(n))1 , where q(n) is a
polynomial of degree 3. That is, given that we assumed γ = 1, this type of
analysis results in a cubic running time of Algorithm 2 even in the “best” case.
However, it is still a considerable improvement over the quasi-polynomial exact
algorithm discussed in Section 3.2.
4.3

Scaling the columns of XD,S

We can make a small modification to the algorithm that should improve it’s
performance. Instead of approximating rD,S directly with the contents of XD,S ,
we can scale the values on the columns to minimize the difference to rD,S . More
precisely, consider the lines 3 and 4 in Algorithm 4. The optimal columns jl and
jr are found by minimizing the error ||X·j −r|| subject to j. We add an additional
parameter c, so that the new optimization problem becomes minj,c ||cX·j − r||.
Moreover, for a given j it is easy to find the optimal c. To see this, recall
that we have ||cX·j − r|| = (cX·j − r)T (cX·j − r). Setting the 1st derivative of
this with respect to c to zero gives
c=

XT
·j r
.
T
X·j X·j

This obviously also introduces a new parameter, cN , to each node N of T ,
and the score of node N for an unseen example x ∈ Ω is now computed as
scoreN (x) = cN aN g(x, sN ). The algorithm we use in the experiments makes use
of this additional heuristic.
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Empirical evaluation

We continue with empirical results. Recall that our main motivation is to speed
up classification. Hence we are mostly interested in cases where the support
vector tree outperforms either a linear SVM or a sparse SVM.
More precisely, we use five methods in our experiments: a linear SVM, a nonlinear SVM using the RBF kernel, a support vector tree based on the nonlinear
SVM, and two variants of the Cutting Plane Subspace Pursuit (cpsp) algorithm
1

The regularity condition required by the theorem is also trivially satisfied for b >
21/3 .

Table 1. Accuracies and number of support vectors of the various methods on different benchmark data sets. The best performing algorithm in the set {l-svm, sv-tree,
cpsp(tr)} is indicated in bold.
dataset
heart

dummy l-svm svm sv-tree cpsp cpsp(tr)
0.56 0.82 0.82 0.75 0.84
0.84
60
8.2
9
9
thyroid
0.71 0.89 0.96 0.92 0.92
0.90
13
9.3 10
10
breastcancer
0.70 0.70 0.71 0.70 0.73
0.73
120
9.1 10
10
waveform
0.67 0.87 0.90 0.86 0.90
0.88
229
9.5 10
10
german
0.70 0.76 0.75 0.70 0.76
0.76
373 10.9 11
11
image
0.57 0.85 0.97 0.89 0.89
0.87
213 11.9 12
12
diabetis
0.65 0.77 0.77 0.73 0.77
0.77
249 10.0 11
11
ringnorm
0.50 0.75 0.98 0.95 0.84
0.74
152 10.5 11
11
splice
0.51 0.83 0.89 0.68 0.86
0.77
588 11.4 12
12
twonorm
0.50 0.97 0.98 0.91 0.98
0.97
263
9.5 10
10
banana
0.54 0.55 0.89 0.88 0.86
0.88
151
9.2 10
10

[16]. The first cpsp variant may use arbitrary basis vectors in the set S, while
the second one is restricted to choose these from the training data in the style
of a classical SVM. As in [16], we denote the 2nd variant by cpsp(tr). To learn
the linear and nonlinear SVM we use LibSVM [7], while the cpsp algorithm is
implemented in the svm-perf package [14–16]. To compare the methods we use
standard benchmark data sets that are publicly available2 . All cases are binary
classification problems.
We consider the cpsp(tr) a more interesting comparison as cpsp, since our
trees are also restricted to use only examples from the training data. It is obvious
from the experiments in [16] and those shown here that the use of arbitrary
basis vectors is in many cases beneficial. However, efficient implementations of
this approach seem to be rather nontrivial to implement for arbitrary kernel
functions as cpsp requires solving the pre-image problem [17]. While it is true
that pre-images can be found even for structured objects such as strings [1] and
graphs [2], the sv-tree can be seen as a more powerful approach as it is oblivious
to the representation of the input examples given any suitable kernel function.
For instance, svm-perf can only use RBF kernels with the cpsp algorithm. Hence
2

http://ida.first.fraunhofer.de/projects/bench/

it is more interesting to see if the sv-tree can beat the linear SVM, and achieve
at least the performance of the cpsp(tr) algorithm.
Instead of explicitly giving a maximum height for the support vector tree, we
use a stopping criteria that is based on the size of the input. The call to stoppingcondition-met on line 1 in Algorithm 2 returns true if the number of rows in X is
less or equal to five. We could just as well use a stopping condition based on the
height of the tree. However, considering the size of a node has the advantage that
we do not split matrices with only a couple of rows, and conversely allow a node
to split when there is still enough data to work with. With both SVMs and cpsp
we use a grid-search to find good values for the regularization parameter C and
the parameter γ used by the RBF kernel. Furthermore, to have an interesting
comparison with the cpsp method, we set it’s budget equal to the average number
of kernel evaluations needed by the tree to classify a given test set.
Results for the accuracies and sizes of the model are given in Table 1. The
reported numbers are averages over 20 disjoint training-test splits. The 2nd
column shows the accuracy of a dummy classifier that simply assigns everything
in the test data to the class that was more common in the training data. Of the
studied algorithms the linear SVM is the simplest, and is the preferred choice
if classification speed is an issue. Indeed, in a few cases the accuracy of l-svm
is comparable with that of svm. When compared with the nonlinear SVM, the
sv-tree has a lower accuracy with all data sets, which is to be expected. With
the ’heart’ and ’splice’ data sets the sv-tree seems to especially have problems.
But the sv-tree in fact outperforms l-svm and cpsp(tr) a number of times. This
is the case with the ’thyroid’, ’image’, ’ringnorm’, and ’banana’ data sets. Also
note that in many cases where cpsp(tr) outperforms sv-tree, the linear SVM
outperforms cpsp(tr), and would hence be the method of choice to speed up
classification. With the chosen stopping condition for the sv-tree, the number of
kernel evaluations is with these data sets reduced by one order of magnitude.
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Conclusion

We have presented an approach to speed up classification with kernel machines
based on adaptive selection of basis vectors given the example to be classified.
Despite the large body of existing literature on kernel machines this idea seems
to be, to the best of our knowledge, novel. To quickly find the subset of basis
vectors to be used in the decision rule, we propose the use of a binary tree,
the support vector tree, that induces a disjoint partition of the feature space.
To learn this tree we propose a greedy heuristic that can result in suboptimal
trees but runs in polynomial time. Our experiments suggest that the support
vector tree can in some cases outperform existing state-of-the-art algorithms for
learning sparse SVMs.
It must be noted that the idea proposed here is not specific to kernel machines. The same approach can be employed also in case of ensemble classifiers.
Even though the weak learners (or base classifiers) in general are fast to compute, there can be several hundreds of them. This can become a bottleneck for

e.g. ensemble method based document ranking functions. For instance in [6]
the evaluation of the ensemble is interrupted when it becomes unlikely that the
outputs of the remaining weak learners would significantly change the already
computed score of the document being ranked. Our method could be applied
as such in this setting by replacing kernel computations with evaluations of the
weak lerners.
Obvious future research concerns improved algorithms for finding trees with
better accuracy. Alternatively we can consider other representations of the function f . One problem with the current approach is that we must first learn a
kernel machine using some legacy algorithm. Instead of a post-processing algorithm, we can also devise algorithms that find a tree directly based on training
data. Finally, a more detailed experimental evaluation of the current algorithm
using large real world data sets is also of interest.
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