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Abstract. The distribution of shortest path lenghts is a useful charac-
terisation of the connectivity in a network. The small-world experiment
is a classical way to study the shortest path distribution in real-world
social networks that cannot be directly observed. However, the data ob-
served in these experiments are distorted by two factors: attrition and
routing (in)efficiency. This leads to inaccuracies in the estimates of short-
est path lenghts. In this paper we propose a model to analyse small-world
experiments that corrects for both of the aforementioned sources of bias.
Under suitable circumstances the model gives accurate estimates of the
true underlying shortest path distribution without directly observing the
network. It can also quantify the routing efficiency of the underlying pop-
ulation. We study the model by using simulations, and apply it to real
data from previous small-world experiments.

1 Introduction

Consider the real-life social network where two people are connected if they
mutually know each other “on a first name basis”.

What is the distribution of shortest path lengths in this network?

In the late 1960s, decades before the social networking services of today, Jeffrey
Travers and Stanley Milgram conducted an experiment to study this question
[15]. Participants recruited from Omaha, Nebraska, were asked to forward mes-
sages to a target person living in Boston, Massachusetts, via chains of social
acquaintances. Given only basic demographic information of the target, such as
name, hometown and occupation, the starting persons were instructed to pass
the message to a friend (their neighbor in the underlying social network) whom
they considered as likely to forward the message further so that it eventually
reaches the target. The participants were also instructed to notify the experi-
menters whenever they forwarded the message.

Out of the 296 messages that were initially sent, 64 reached the target per-
son, and took only a relatively small number of hops [15]. The main hypothesis
resulting from this experiment was that we live in a “small-world”, meaning
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Fig. 1. Left: The Karate-club graph with two paths (green and red, solid lines) that
are examples of observations in a small-world experiment on this network. Right: The
shortest paht distribution of the Karate-club graph (black, dotted), together with the
effects of attrition (red, dashed) and routing efficiency (green, solid) to the length
distribution of observed completed paths.

that a lot of people are connected to each other by short paths in the underly-
ing social network. Because of this we refer to such experiments as small-world
experiments. Similar experiments have been repeated a number of times [12,5].

The observations in such a small-world experiment are a set of paths that each
indicate the trajectory of one message through the social network. Some of these
paths are completed, that is, the message reached the target individual, while
others are discarded on the way. The length distribution of the completed paths
can be seen as a characterization of the social connectivity of the population.
Indeed, the popular notion of “six-degrees-of-separation” is based on the median
of the length distribution of the completed paths that were observed by Travers
and Milgram [15].

However, the lengths of completed paths are in practice distorted by two
factors: attrition and routing efficiency of the participants. Attrition refers to
messages being discarded for one reason or another during the experiment, caus-
ing some paths to terminate before reaching the target. By routing efficiency we
refer to the ability of the participants to pass the message to an acquaintance
who is in fact closer to the target when distance is measured in terms of the true
shortest path distance.

Figure 1 illustrates examples of attrition and routing efficiency with the well
known Karate-club network [17]. There are two starting persons, nodes A and
B, with T as the target person, as well as two paths that originate at A and
B. The path that started from B was terminated early due to attrition: node E
failed to forward the message further. In real small-world experiments a message
is discarded at every step with an average probabiliy that varies between 0.25
and 0.7, depending on the study [15,5]. On the other hand, the path that starts
from node A does reach the target T in five steps, but it does this via node C.
Observe that the true shortest path distance from C to T is four steps, while the



node A is in fact only three steps away from T (via node D, dashed edge). Node
A made thus a “mistake” in forwarding the message to C instead of D. This will
also happen in practice. Indeed, even when all participants belong to the same
organization, the messages are forwarded to an acquaintance who is truly closer
to the target only in a fraction of the cases [10].

Attrition and routing efficiency will distort the lengths of paths that we ob-
serve in a small-world experiment. In particular, attrition makes long paths less
likely to appear1, even if they might exist in the underlying social network. As
a consequence the length distribution of observed completed paths is shifted to-
wards short paths, giving an “optimistic” view of the social connectivity. Routing
(in)efficiency, on the other hand, implies that even in the absence of attrition we
would not observe the true shortest paths. Finding these requires access to the
entire network topology; information that individuals most likely do not have.
Instead, we observe so called algorithmic shortest paths (see also [11,13]), i.e.,
those that the participants are able to discover using only information about their
immediate neighbors and the target person. These, however, are longer than the
shortest paths. The lengths of observed completed paths are thus shifted towards
longer paths, making the network seem less connected.

Indeed, attrition and routing efficiency have contradictory effects on the ob-
served path lengths, as illustrated on the right side of Fig. 1. Attrition makes
the observed paths shorter, while routing (in)efficiency makes them longer when
compared to the actual shortest path distribution. In practice we observe paths
that have been affected by both. Motivated by this discrepancy between the ob-
servations and the shortest path distribution, we address the following question:

Can we recover the true shortest path distribution given the observed
paths from a small-world experiment?

This is an interesting task for a number of reasons. First, it is another way
to address the original question of Travers and Milgram [15]. Using only the
completed paths gives one view of the social connectivity, by estimating the
actual shortest paths distribution results in a less biased outcome. Second, the
question is related to recent work on reconstructing networks and properties
thereof from observed traces of activity in the network [8,9,14,4]. The small-
world experiment can be seen as another type of such activity. Moreover, a
better understanding of the process that underlies the small-world experiment
may lead to improvements in other propagation processes over networks, such
as spreading of epidemics or opinions.

Our contributions: We propose a new model to analyse the observations
of a small-world experiment that accounts for the bias caused by attrition and
routing efficiency. The main difference to previous approaches [10,7] is the use a
well-defined probabilistic model that can estimate the true shortest path distri-
bution. Our technical contribution is that of devising an intuitive parametriza-
tion of the process that underlies a small-world experiment, as well as a means to

1 If a path terminates with probability r at every step, a path of length l appears with
probability (1− r)l. This decreases rapidly as l increases. See also [7].



express the likelihood of the observed paths in terms of the process parameters.
By fitting the proposed model to data from previous small-world experiments
[15,5] we compute estimates for the shortest path distribution of the underlying
social network, as well as quantify the routing efficiency of the population that
participated in the experiment. To the best of our knowledge this has not been
done before.

2 A model for small-world experiments

The input to our model consists of the set D of both completed and failed paths
that are observed in a small-world experiment. A path is completed if it reaches
the target, and failed if it terminates due to attrition. Of every path in D, we
know thus its outcome, and its length. These are the only two characteristics of
a path that our model is based upon.

We first discuss the parameters of the message-forwarding process that un-
derlies a small-world experiment. As with any generative model, we do not claim
that this process accurately represents reality, it is merely a useful and tractable
representation of it. Then, we show how the process parameters induce the pa-
rameters of a multinomial distribution over different types of paths. The likeli-
hood of D is determined by this multinomial distribution in a standard manner.

Model parameters and dynamics
We assume the structure of the underlying social network to be hidden. However,
at every step each of the messages must be at some shortest path distance from
the target person. These distances are unknown, but we can model how they
evolve as the messages are forwarded. When a node forwards the message, the
shortest path distance to the target can decrease by one, stay the same, or
increase by one. Note that the distance can not increase or decrease by any
other amount in a single step.

We assume that each node chooses the recipient so that the distance decreases
with probability q−, increases with probability q+, and remains the same with
probability 1−q−−q+. We also enforce the constraint q+ < q− (the participants
are assumed to be in some sense “benevolent”), as well as q−+q+ ≤ 1. The prob-
abilities q− and q+ are the first and second parameters of our model, and they
capture routing (in)efficiency. Moreover, a node might not forward the message
in the first place. We assume that a message can be discarded at every step with
the constant probability r, the attrition rate, which is the third parameter of
our model.

The parameters q−, q+, and r capture how the shortest path distance from
the current holder of the message to the target person evolves, but the process
must start from somewhere. The distances from the starting nodes to the target
node are unknown. We assume that the initial distances from the starting nodes
to the target follow some predefined distribution τ(·). In particular, we take these
to be Weibull distributed with parameters k and λ, because it has been argued
[3] that this produces a good fit for shortest path distributions that are observed



Table 1. Summary of model parameters

q−, q+ probabilities for message to approach and move away from target
r probability of message to be discarded
k, λ shape and scale parameters of the initial distance distribution τ

in different types of random networks. The k and λ parameters of τ are the
fourth and fifth parameters of our model. All five parameters are summarised in
Table 1.

In summary, we model the small-world experiment using the following two-
stage process. Initially the messages are distributed at distances from the target
that is given by τ(· | k, λ). Upon receiving the message a node 1) decides if it is
going to discard the message, and if not, 2) the node forwards the message to a
neighbor. An independent instance of this process launches from every starting
node, and continues until the message reaches the target or is discrarded.

Path probabilities
Recall that of every path in the input D we know its outcome o and length l.
A path is of type (o, l) if it has outcome o and length l, where o is either > (a
completed path) or ⊥ (a failed path). For example, the red and green paths in
Fig. 1 are of types (⊥, 2) and (>, 5), respectively.

Next we derive the probability to observe a path of type (o, l), assuming that
the forwarding process adheres to the parameters discussed above. To this end
we express the message-forwarding process as a discrete-time Markov chain. A
graphical representation of this chain together with the transition probabilities
is shown in Fig. 2. The states of the chain are all possible distances to the target
up to some maximal distance m, denoted 0, 1, . . ., m, a special attrition state,
denoted A, and a special terminal state, denoted E. At every step the chain is
in one of the states. The message reaches the target when the chain enters the
state 0. Likewise, the message is discarded when the chain enters the state A.
The state E is needed for technical reasons.
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Fig. 2. The Markov chain that represents the message-forwarding process. The message
is discarded with probability r independently of its distance to the target. The distance
decreases with probability (1 − r)q−, increases with (1 − r)q+, and remains the same
with probability (1 − r)(1 − q− − q+). A neighbor of the target node can discard the
message or passe it to the target. In the state m the distance can no longer increase,
so we introduce a self-loop with probability (1− r)(1− q−).



Let Q denote the transition probability matrix associated with the Markov
chain of Fig. 2 so that Qxy is the probability of taking a transition from state
x to state y. From the basic theory of Markov chains we know that given any
initial probability distribution π0 over the states, the distribution after running
the chain for l steps is equal to πl = πT

0 (Q)l. Recall that τ(· | k, λ) is our guess
of the distribution of distances from the starters to the target. We initialize
π0 so that π0(A) = π0(E) = π0(0) = 0, and for the states 1, . . ., m we set
π0(x) = τ(x | k, λ). The probabilities to observe a path of type (o, l) given the
model parameters is now

Pr((o, l) | q−, q+, r, k, λ) =

 πl(0), if o = >, (completed path),

πl(A), if o = ⊥, (failed path),
(1)

where πl(0) and πl(A) are the probability masses at states 0 and A after running
the chain for l steps, respectively. The above equation is derived simply by
noticing that the states 0 and A correspond to endpoints of completed and
failed chains, and the probability of a path of length l to land in either of these
is obtained by running the chain for l steps. (The special terminal state E is
needed to guarantee that πl indeed has the desired value at states 0 and A.)

Finally, to compute the probabilities in practice, the maximum distance m
must be set to a large enough value. In practice we did not observe m to have a
strong effect. In the experiments we use m = 30.

Likelihood of the input D
As in [7], we view a small-world experiment as a simple sampling procedure,
where |D| paths are drawn independently2 from a categorical distribution, where
every category corresponds to a path type, and the probabilities of individual
categories are induced by the model parameters (Table 1) as discussed above.
Let θ = (q−, q+, r, k, λ) denote a vector with all parameters, and define the
probability of a type pθ(o, l) = Pr((o, l) | θ) as in Eq. 1.

In theory the number of distinct types is infinite, because our model does
not impose an upper limit on the length of a path. However, we only con-
sider types up to some length, because the probability of long paths decreases
rapidly. Given θ, we choose lmax to be the smallest integer so that the inequality∑lmax

l=1 (pθ(>, l) + pθ(⊥, l)) ≥ 1− ε holds for some small ε (in the experiments we
let ε = 10−8). That is, we assume that the paths in D are an i.i.d. sample from a
discrete distribution with categories C(θ) = {(>, 1), (⊥, 1), . . . , (>, lmax), (⊥, lmax)}.
Note that depending on θ, lmax can be larger than the longest path we observe
in D.

Furthermore, Let cD(o, l) denote the number of paths of type (o, l) in D. Of
course c(o, l) = 0 for any type (o, l) that does not occur in D. The numbers
cD(o, l) are a sample from a multinomial distribution with parameters |D| and

2 This may not fully hold in real small-world experiments, as lengths and outcome
of paths having e.g. the same source or target may be correlated [5]. However, we
consider this to be a reasonable simplification to make the model tractable.



pθ(o, l) for every (o, l) ∈ C. Therefore, the likelihood of D can be expressed as

Pr(D | θ) =
|D|!∏

(o,l)∈C(θ) cD(o, l)!

∏
(o,l)∈C(θ)

pθ(o, l)
cD(o,l). (2)

The likelihood depends on the model parameters θ thus through the probabilities
pθ(o, l). To compute the likelihood, we first find pθ(o, l) for every (o, l) ∈ C(θ)
using the Markov chain of Fig. 2, and then apply Equation 2.

Parameter estimation
For parameter estimation we can use any available optimisation technique. Af-
ter trying out several alternatives, including different numerical optimisation
algorithms as well as MCMC techniques, the Nelder-Mead method was chosen3.
It does not require partial derivatives, finds a local optimum of the likelihood
function, and is reasonably efficient for our purposes. It also allows to use fixed
values for some of the paramters, and solve the model only for a subset of them
to obtain conditional estimates. For instance, we can fix q− and q+ and solve the
model only for r, k and λ.

It is worth pointing out that the model can be non-identifiable. (Meaning its
true parameters are hard to find even given an infinite amount of data.) Some
of the parameters have opposite effects. For instance, in terms of the observed
paths in D, it might not matter much if a) the initial distances to the target
are long and the routing efficiency is high, or b) the initial distances are short
but the routing efficiency is low. This means that a simultaneous increase in
both e.g. the median of τ(k, λ) as well as the routing efficiency parameter q−
can result in only a very small change in Pr(D | θ).

3 Experiments

Estimation accuracy
As there in general is no ground truth available in a small-world experiment, it
is important that the estimates obtained from the model are at least somewhat
stable. The estimates are affected by size of the input data, as well as indentifi-
ability issues of the model itself. We start by quantifying these effects by using
paths that are obtained from simulations of the message forwarding process with
known parameters.

As expected, estimating all model parameters simultaneously is a hard prob-
lem. The top half of Table 2 shows both the true parameter values as well as the
median of their estimates from 250 inputs of 5000 paths each. (The estimate of
r is always very accurate, and is omitted from the table.) We can see that while
the median is often fairly close to the true value, the quantiles indicate a high
variance in the estimates, especially for q−.

3 We use the implementation provided by the optim function of GNU R,
http://www.r-project.org.



Table 2. Estimating parameters from simulated data (5000 paths)

true values simultaneous estimates (with 5% and 95% quantiles)

q− q+ r k λ q− q+ k λ

0.5 0.0 0.25 4 5 0.60 (0.44,0.82) 0.03 (0.00,0.10) 3.71 (3.11,4.46) 5.53 (4.56,6.76)
0.5 0.1 0.25 4 5 0.47 (0.29,0.69) 0.07 (0.00,0.21) 4.10 (3.53,5.08) 4.86 (3.83,6.01)
0.3 0.0 0.25 4 5 0.43 (0.30,0.90) 0.05 (0.00,0.13) 3.45 (2.34,4.10) 6.13 (4.87,11.93)
0.3 0.1 0.25 4 5 0.33 (0.15,0.70) 0.12 (0.00,0.31) 3.86 (2.79,5.50) 5.27 (3.60,8.51)
0.5 0.0 0.50 4 5 0.65 (0.35,1.00) 0.04 (0.00,0.17) 3.65 (2.79,5.05) 5.80 (3.92,8.38)
0.3 0.0 0.50 4 5 0.39 (0.18,0.88) 0.05 (0.00,0.17) 3.67 (2.44,5.41) 5.64 (3.71,11.95)

true values conditional estimates (with 5% and 95% quantiles)

q− q+ r k λ q− | k, λ q+ | k, λ k | q−q+ λ | q−, q+
0.5 0.0 0.25 4 5 0.50 (0.49,0.53) 0.00 (0.00,0.03) 4.01 (3.83,4.21) 4.99 (4.88,5.10)
0.5 0.1 0.25 4 5 0.50 (0.46,0.54) 0.10 (0.05,0.15) 4.01 (3.79,4.24) 4.98 (4.87,5.14)
0.3 0.0 0.25 4 5 0.31 (0.29,0.33) 0.00 (0.00,0.05) 4.02 (3.75,4.24) 5.00 (4.84,5.18)
0.3 0.1 0.25 4 5 0.30 (0.27,0.33) 0.10 (0.04,0.16) 4.00 (3.75,4.30) 4.99 (4.80,5.22)
0.5 0.0 0.50 4 5 0.51 (0.46,0.59) 0.00 (0.00,0.18) 4.00 (3.64,4.42) 5.00 (4.71,5.31)
0.3 0.0 0.50 4 5 0.31 (0.27,0.37) 0.00 (0.00,0.22) 3.99 (3.55,4.58) 5.01 (4.61,5.53)

However, by fixing some parameters it is possible to improve the quality of
the resulting estimates. The bottom half of Table 2 shows conditional estimates
for q− and q+ given k and λ, and vice versa, the estimates for k and λ given q−
and q+. Now the estimates are very accurate in all of the cases. This suggests that
the model is most useful when we have some prior knowledge either about the
routing efficiency, or the shortest path distribution. For example, [10] suggests to
use q− = 0.3, and [1] provides the exact shortest path distribution of the entire
Facebook social network, which could be used in place of τ(· | k, λ).

The next question is how sensitive are the estimates of k and λ to errors in our
assumptions of q− and q+? That is, suppose the true q−, denoted qTrue− , is 0.5, but
we solve the model with fixed a q− = 0.35 for example. Let µ̂ denote the median
of the estimated shortest path distribution, while µTrue is the median of the true
distribution. (This is a more intuitive quantity than k and λ when interpreting
the shortest path distribution.) The left panel in Figure 3 shows ∆(µ) = µ̂−µTrue

as a function of ∆(q−) = q− − qTrue− when k and λ are estimated given different
q− from 1000 paths generated by the model. (The plot shows distributions over
100 runs for every q−. Input was generated with q− = 0.5, q+ = 0.05, r = 0.25,
k = 4, λ = 5.) We observe that in this range of q− an under- or overestimate of
0.15 will make the conditional estimate of µ̂ about one step too low/high.

The variance of the estimates will also depend on the size of the input D. The
right panel in Figure 3 shows effect of |D| on the variance of µ̂ when k and λ are
estimated with q− and q+ fixed to their correct values. (The paths were generated
using the same parameter values as above.) We find that the conditional estimate
of µ̂ is both unbiased and consistent. In practice a high accuracy requires > 1000
paths, but even only 300 paths seem to give reasonable results.
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Fig. 3. Left: Effect of the error when fixing q− to the conditional estimate of µ̂. Right:
Effect of |D| to the conditional estimate of µ̂. (Boxes show 1st and 3rd quartiles.)

Estimating shortest path distributions
We continue by estimating the shortest path distribution4 in random networks.
The top row of Fig. 4 shows conditional estimates for an Erdős-Rényi [6] as well
as a Barabási-Albert [2] graph. In both cases we considered three values for q−:
the correct one, and ones that under- and overestimate the true value by 0.1.
We find that in both cases the ∆(q−) = 0 estimate (solid line) captures the
qualitative properties of the true distribution (bars). And like above, an under-
or overestimate in q− leads to a slight under- or overestimate in the path lenghts.

Finally, we apply the model to observed data from previous small-world ex-
periments. Travers & Milgram (TM) provide the numbers of completed and
failed paths that we need for our model (in Table 1 of [15]), while for Dodds et
al. (DMW) we obtain the numbers through visual inspection of Fig. 1 in [5]. We
fit both the full model, as well as conditional estimates given fixed q− and q+.
Resulting shortest path distributions are shown in the bottom row of Fig. 4.

While the full estimation is known to be unstable, it is interesting to see that
it produces reasonable estimates. For TM the estimates for q−, q+, and r are
0.92, 0.08 and 0.21, respectively, while for DMW we obtain q− = 0.52, q+ = 0.00,
r = 0.71. The attrition rate estimates are very close to the ones reported in
literature [15,5], while the routing efficiency parameters tell an interesting story.
It appears that in the TM experiment the participants almost always chose the
“correct” recipient, while in the DMW experiment they did this only half of
the time. This is not inconceivable, as the TM study was carried out by regular
mail, while DMW used email as the means of communication. Subjects in the
TM study might indeed have been more careful when choosing the recipient as
participating took more effort also otherwise.

4 Notice that here the resulting shortest path distributions reflect the initial distances
to a single target from the starters. To obtain the all-pairs shortest path distribution,
all paths should have independently sampled starters and targets.
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Fig. 4. Top row: True shortest path distribution (bars) together with three estimates
for different values of ∆(q−) computed from 1000 paths in an Erdos-Renyi (left) and a
Barabasi-Albert (right) graph. Bottom row: Estimated shortest path distributions given
data from the Travers & Milgram [15] as well as the Dodds et. al. [5] experiments.

The conditional estimates suggest that the shape of the estimated shortest
path distributions is more or less the same in both experiments if we assume
an identical q−. The conditional estimate for q− = 0.5 in TM is qualitatively
somewhat similar to the full DMW estimate. This applies also to the conditional
estimate for q− = 0.92 in DMW and the full TM estimate.

4 Discussion

Our model has common aspects with the method devised in [10] as they also
use a similar Markov chain to infer frequencies of observed completed paths
given the q− parameter. But there are some important differences. We allow
the message also to move away from the target, and our model fully separates
attrition from routing efficiency. Moreover, we propose to compute maximum-
likelihood parameter estimates from observed paths. Finally, compensating for
attrition has received attention in previous literature as well [5,7], but using very
a different technique (importance sampling).

Small-world experiments show also that humans can find short paths in a
decentralized manner. It is not obvious why this happens. There are two factors
that play a role in the process: structure of the underlying social network and



the strategy (or algorithm) used to forward the messages. In real small-world
experiments it has been observed that participants tend to pass the message to
an aqcuaintance who has some common attributes with the target. Especially
geographical location and occupation have been reported as important crite-
ria [5]. For such a “greedy” routing strategy to find short paths, the network
must have certain structural properties that reflect the similarity of the nodes in
terms of social attributes [11,16,13]. However, our model is independent of both
routing strategy and network structure, meaning that we do not have to make
assumptions about either.

Estimating the shortest path distribution from a set of very short (biased)
random walks over an unobserved network is a hard problem, and the lack of a
ground truth makes the results difficult to evaluate. We claim, however, that the
proposed model can be a useful tool when analysing small-world experiments.
Extending the model to deal with other types of data, such as information cas-
cades [8,9,14,4] is an interesting open question, and so is improving the stability
of the unconditional parameter estimates.
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